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Abstract. From the definition of Fibonacci numbers (the first known special integer
sequence), there are many studies on the integer sequences because of so many
applications in science and art, and etc. For instance, the ratio of two consecutive
elements of Fibonacci sequence is the golden ratio, is very important number almost
every area of science and art. And the other integer sequence Jacobsthal numbers are
met in computer science. It is well known that computers use conditional directives to
change the flow of execution of a program. In addition to branch instructions, some
microcontrollers use skip instructions which conditionally bypass the next instruction. This
brings out being useful for one case out of the four possibilities on 2 bits, 3 cases on 3
bits, 5 cases on 4 bits, 11 cases on 5 bits, 21 cases on 6 bits, ..., which are exactly the
Jacobsthal numbers. In this study, first of all we define and study the generalized bivariate
Jacobsthal and generalized bivariate Jacobsthal Lucas polynomial sequences. Then the
Binet formulae, some different types of generating functions, D’ Ocagne, Catalan, Cassini
properties and some interesting properties of these sequences are given. The sum of the
square of elements of these sequences and some generalized sum formulae are obtained
for the generalized bivariate Jacobsthal sequence and the bivariate Jacobsthal Lucas
sequences. Finally, a divisibility property of the generalized bivariate Jacobsthal
sequence is given.
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Introduction and Preliminaries

Jacobsthal and Jacobsthal Lucas numbers are given by the recurrence relations
Jn =Jn1+2jn_2, Jjo=0, ji=1land ¢, =c,1+2¢h_2, ¢y =2, c¢c;=1for n=2,
respectively in works of Horadam (1996 40-54; 1997:137-148) there are some
generalizations of these integer sequences. For example, a generalization of Jacosthal
sequences is given by Uygun (2015: 3467) as j,(s,t) = Sjn_1(s,t) + 2tj,_1(s, 1),
Jo(s,£) =0, ji(s,t) =1 and c,(s,t) = scp_1(S, t)+2tc,_5 (s, t), co(s,t) = 2, ¢;1(s,t) = s for
n = 2.

The bivariate Fibonacci {F, (x,y)} and Lucas {L,,(x, y)} polynomials sequences are
defined as by using the following recurrence relation (Koshy, 2001: 46; Kdken and
Bozkurt, 2008: 605-614)

Fn(x')’) = an—l(xly) + yFn—z(x'Y)' (Fo(x;Y) = 0' Fl(xﬂy) = 1)
Ln(x')’) = an—l(x'y) + yLn—z(x'}’)' (Lo(x;Y) = 2' Ll(xﬂy) = .'X')

where x# 0, y # 0 and x% + 4y # 0. Some identities about the bivariate Fibonacci
and Lucas polynomials are obtained by Catalani in (2004a, 2004b). And then the bivariate
Pell and Pell Lucas polynomials are defined as by using the following recurrence relation

Pn(x')’) = 2xyPn—1(x'Y) + yPn—z(x'}’)' (Po(x,Y) = 0' Pl(xﬂy) = 1)
Qn(x,y) = 2xyQn-1(x, ) + yOn—2(x,¥),  (Qo(x,y) =2, Q1(x,y) = 2xy)
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where x# 0, y # 0 and x?y? + 8y # 0. The Binet formula for these sequences are
given in (Halici and Akytz, 2010: 101-110) as

(xy + /x%y? + y)n — (xy —Jx%y? + y)n

2\/x%y2+y

n n
Qn(x,y) = (xy +/x2y? + y) + (xy —VxZyr+ y) :

In works by Halici and Akyuz (2010: 101-110) by using different matrices new sum
formulae for bivariate Pell and Pell Lucas polynomials are obtained. In Tuglu et al. (2011:
10239) the authors study bivariate Fibonacci and Lucas p- polynomials sequences and
give some properties of these sequences.

In this paper, we study the generalized bivariate Jacobsthal {j,,(x,y)} and bivariate
Jacobsthal Lucas {c, (x,y)} polynomial sequences in detail.

Pn(x'Y) =

Results

Definition 1: Let p(x,y), q(x,y) be polynomials with real coefficients. For n > 2, the
generalized bivariate Jacobsthal {j,(x,y)} and the generalized bivariate Jacobsthal
Lucas {c,(x,y)} polynomials are described by using the following recurrence relations
respectively (Civciv and Turkmen, 2008: 161-173; Nalli and Haukkanen: 2009: 3179).

Jn(6y) =26 Y)jn-1(6,y) + 2906 Y)jn2 (6, ), Golx,y) =0, ji(x,y)=1) (1)

cn(x,y) = p(,¥)eno1 (2, ) + 2q(x, y)en_2(x,y), (co(x,y) =2, c1(x,y) = p(x, %/)))

2

where and p?(x,y) + 8q(x,y) > 0. The characteristic equation of recurrence relation

(1) and (2)

r?2 —p(x,y)r — 2q(x,y) = 0.
The roots of the characteristic equation are

a(x’y):P(x,J’)+\/pz(;c,)’)+8q(x,y), ﬂ(x,y)=p(x’y)_‘/p2(;'3’)+8q“'3’)

with the following properties

alx,y) + Bxy) =pky), alx,y). B (x,y) = —2q(x,y),

a(x,y) = B(xy) =p*(xy) +8q(xy).

The first some generalized bivariate Jacobsthal polynomials are j,(x,y) =0,
W) =1, j(y) =p(y), JjsGy) =p*(x,y)+2q(y),  ju(oy) =p*Cy) +
4p(x,v)q(x,y). The first some generalized bivariate Jacobsthal Lucas polynomials are
coxy) =2, aly)=pxy), ly) =p’(xy)+4q(xy), cs(xy)=pCxy)+
6p(x,y)q(x,v). The Binet formulas for these sequences are
(aCxyn™( B ) -

a(xy)- B (x)
en(x,y) = (e y)" + (B ()" (4)

The negative term for bivariate Jacobsthal and Jacobsthal Lucas polynomials are
defined

jn(x::)’) =

_jn (x! }’)

)= oGy
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cn(y) = — 22X S22
o (—2qCe, )"
with the roots 1/a and 1/B. For the brievity, in the rest of the paper we use the
notation j,, for j,(x,y) and c, for c,(x,y), and a,, for a,,(x, y), ﬂn for ﬂn(x, y).

Theorem 2: (Explicit closed form)

7]
= ("7 T @) T ey
and =
2] i o
o= (") e y) ey
k=0

Proof: Induction on n |5rovides the required proofs.

Theorem 3: (The Generating functions of generalized bivariate Jacobsthal and
Jacobsthal Lucas polynomial sequences) _

Let i any positive integer and a't < 1 and S ‘t < 1. Then the generating functions of
these sequences for different values of i are obtained as

ZJ th = Jit -
L0 1+ (=2q(x, y))'t?

Z coth = 2 +t(p2(x,y) + 8q(x,)ji
" 1—cit + (—2q(x,y))e?

Proof: By using Binet formula for generalized bivariate Jacobsthal polynomial
sequence, we get

o) , in

;]’intn =;am: 2 = aiﬁ;[(ait)n _ (ﬂit)n]
1 1 1

C@-p)(1-t(at+ p) + e (-2q0)))
Jit
T 1t + (—2q0y))it?

Similarly
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[(at) + ﬂt)]

1
1—alt 1— ﬂ t
~ 2—(at+ B9t B 2—ct
(1 —t (ai + i) + tz(—Zq(x,y))i) 1 -t + (=2q(x,y))'t?

Theorem 4: The Exponential Generating Functions of generalized bivariate
Jacobsthal and Jacobsthal Lucas Sequences

et Bl 1 o (@) = (pe)"
Zjn _Z a—p nl \/pz(x,y)+8q(x,y),;, n!

_ 1 at _ ﬂt
_JpZ(x,y)+8q<x.y)(e )

[oe] tn
> e = (et +e”)

n=0

Important Relationships
. jncn=j2n’ .
Cn=Jn+1 + ZQ(xr Y)]n—lx
(p2(x,y) + 8q(x,¥))jn = Cnar + 290, ¥)cnos,
p(xIY)jn + ¢cn = Jns1s
(p?(x,3) +8q(x,y))jn + P(X, ¥)Cp = 2Cny1,
VP2(x,y) +8q(x, y)jn + cnz2a™,
) n
VP26 y) +8q(x, y)jn —cp= =28,
Crrz 20, Y)Ch41 = Conga + 20X, ¥)Consz,
J'%+1 +2q(x,y)j2 = p?(x,y) +8q(x, ¥)jzn+1,
on = j2(P?C6, ) + 8q(x,y)) + 2(—2q(x, )",
c2=cy, + 2( 2q(x,y)) ,
. n
(p2(x,y) +8q(x,1))ja = can — 2(—2q(x,3)) ",
n
C3n = Cn(CZn - 2(_ZQ(x: :Y)) ),
. . n
Jan = ]n(CZn + 2(_ZQ(x:Y)) )
Proof: All of the proofs can be seen easily by using Binet formula or mathematical
induction method.
Theorem 5: (Summation Formulas)

Let a,b are positive integers. For generalized bivariate Jacobsthal polynomial
sequence we get

Z} — ]na+b (—Zq(x Y))ajb a](n+1)z +( ZQ(x y)) ](n 1)a+b
ak+b = 1—c,+ ( 2q(x, y))
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and for generalized bivariate Jacobsthal Lucas polynomial sequence, we get

-1
nz c _ (_Zq(xr y))a[ca(n—1)+b - cb—a] — Can+b + Cp
k+b — .

k=0 ’ 1- Ca + (_Zq(xl y))a

Theorem 6: (_D'ocagne's property)
Let n>m and n,m € Z*. For generalized bivariate Jacobsthal polynomial
sequence, we have
. . .. m,
Jm+tIn —Jmln+1 = (_ZQ(x: y)) Jn-m-
Let m > n and n,m € Z*. For generalized bivariate Jacobsthal Lucas polynomial
sequence, we have

Cm+1Cn — CmCn+1 = \/pz(x: y) + 8q(x: y)(—Zq(x, y))ncm—n-
Proof: By (3) and (4), we have

1
ocm+1_ ﬂm+ " — ﬂn ocm— ﬂmocn+1_ ﬂ

a—pf a—pf a—pf a—pf

1 n m+ n+ m
=(a_—ﬂ)2[_ocm+1 ﬂ — ﬂ 1 M4 ™ ﬂ 1_I_Ocn+1 ﬂ ]

1 n
Sy e e )

=) (e 5]
[(—2qCey)™ (o= ™))

1
a—=p

It can be proved for generalized bivariate Jacobsthal Lucas numbers by using the same
method for generalized bivariate Jacobsthal numbers (Horadam and Mahon, 1985: 7-
20; Uslu and Uygun, 2013: 13-22).

Theorem 7: (Catalan's property)

Assume that n,r € Z*. For generalized bivariate Jacobsthal polynomial sequence,
we have

n+1

Jm+1Jn — Jmin+1 =

. . . n-r,
Jnarin-r —J& = =(=2q(x,9)) " j?
and for generalized bivariate Jacobsthal Lucas polynomial sequence,
n-r.,
CnarCnr—Ca = (=2q(x,¥))" 2 (P*(x,¥) + 84 (x,¥)).
Theorem 8: (Cassini's property or Simpson property)
For n € Z™, it is obtained that

. . . n-—1
Jnatin-1 —jg = =(=2qCe,y))"
and
-1
CnsrCno1—c2 = (=2q(x )" (p2(x,y) + 8q(x,)).
Theorem 9: For generalized bivariate Jacobsthal Lucas polynomial sequence, the
following results are satisfied
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iane p - (2000 ) 2 ip = 2nC2n+p.
fane p +(200Y )P p = Can 2 p.
ian+ p ~(-2006Y ) ing p = ncan+ ps

3n+p + (20069 )" ing p =Cniznsp.
where n21, p=0.
It can be proved by using Binet formulas as the following theorem.
Theorem 10: For generalized bivariate Jacobsthal Lucas polynomial sequence, the
following results are satisfied

canep~(2000Y)P"ep =(p2(xy) 483Xy Diznionsp.
cans p +(2006Y)P"ep = Concans p.
cans p—(-20(%,Y))"eng p = PZ(X,Y)+SQ(X:Y))jnj2n+p'

can+p +(-2004Y) ene p =CnCons p.
where n21, p=0.
Theorem 11: Let n=0 any integer. Then generating function with negative indices
are obtained as

n._ 1 . .
> = — [—tn+1—tln+l+2tln}
k=0 t(t" = p(x,y)t-2q(x,y))
no_ 1 2t2 — p(x,y )t
2 Ckt K- — [tcn+1 +2a(x,y)en ] + 5 p(x.y)
k=0 t(t° = p(x,y)t—2q(x,y)) (%= p(x,y)X-2q(x,y))

Proof: By using expansion of geometric series, it is calculated as
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) 1 tn+1 _an+1 ) tn+1 _ﬂn+1
) =/

~ 1 [_tn+1(a_ﬁ)+t(an+1_ﬁn+1)+2t(an _an )]
(a-p)" t2— p(x,y)t-2q(x,y)

_—_1{ —tn+1+tjn+1+2tjn ]
t"] 2~ p(x,y)t—2q(x,y)

i (ajml (ﬂjml_
1- 1-

n

5 th—k 1 t t

= +

t

1 tn+1_an+l thn+1_ﬂn+1
t-a t-p

) 2" 2 i o gy @™ g 2q0x,y ) (" + M)
%~ p(x,y)t-2q(x.y)
_ 1] tonyg +20(xy )en }_ 22 p(xy)
2 p(xy)t-2a(xy) | 2~ p(x.y)t-2q(x.y)
Conclusion 12: If we take n — ooin the above theorem, we get
el t
2 it =— :
i=0 (t% = p(x,y)t-2y)
Conclusion 13: If we take n— ooin the above theorem, we get

0 : 2_
i=0 t% —p(x,y)t—2a(x,y)
Theorem 14: Let r is any positive integer and ‘akﬂ""t‘ <1, then
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o r (r 1 r—k 1
> jft=x (kj = (1) T
0 k=W ((p?(xy)+Ba(xy)) L (=)
Proof: By using geometric series and Binet formula, we have

- © Tt (r i k ﬂi r—k_
. _ (04 — t|
th iEOkEO kj{a—ﬁJ (Of—ﬁJ
r r 1 r o0 K r—k i
= = t
kgo(k [a—ﬁj Eo(a (=4) )
B £ (r 1 1
k=0\K) (J(p2(x.y)+8a(x.y)) 1-aX (-p)

Theorem 15: Let r is any positive integer and ‘akﬂ"kt‘d, then

0 foi r r 1
= -
20 kz_;‘(le—akﬂ"kt

Proof: By using geometric series and Binet formula, it is calculated as

et S o
kzilo(kjlizoo(akﬂr_kt)l
B £ (rj 1
_k=0 K 1—ak,3r_kt

Theorem 16: By this theorem new relations between the roots a, B and generalized
bivariate Jacobsthal and Jacobsthal Lucas polynomial sequences are demonstrated

a" =ajn+2q(%,Y)in-1,
A" = Bin+24(X,y)in-1,

\/pz(x,y)+8q(x,y)a” =actn +2q(X,y)cn—_1,

~Jp2(xy)+8a(x.y)B" = fen +2a(x.y Jen-1.
Proof: The proof is made by using Binet formula and the product of the roots:
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I =ajn+2d(x,y)in-1
n-1_ gn-1

By
e L Gt A A2 €80 Gl |

+2q(x,y)Z

- _—2q(x,y)a”‘1—ﬂ””+2q(x,y)a”‘l—Zq(x,y)ﬂ”‘l}

_ [ -1, 2 _ N
P AR R CRDI Y

Similarly
| =acp +2q(X,Y )1,

el e
=™ _2q(x,y)8" L+ 2q(x,y) A"+ 20(x,y )"
=" (a2 1 2q(x,y))

—a"(a-p)=a"p2(xy)+8a(x.y)
Other proofs can be done by using the same way.
Theorem 17: The square of elements of generalized bivariate Jacobsthal sequence

is obtained by the following:

Lo 1 49(x,y)*can-2 ~Con ~Ca +2 _,(-2a(x,y))" -1
i=0 p2(x,y)+8q(x,y) 1+4q(x,y)? —c3 2q(x,y)+1
Proof: By the definition of Binet formulas, we have
nl.o_ 1 g o i
Y it=— x («?+ 2 -2-29(xy))
i=0 p (X,y)+SQ(X,y)i—0
_ 1 -1 -1, (-2q(xy)" -1
p%(x,y)+8a(x,y) a2—1 pe-1 2a(xy)+l
_ 1 490x,y) -2 —con = +2 _,(-2q(x,y))" -1
p2(X,y)+8q(x,y) 1+4q(x,y)2—02 2q(x,y)+1

Theorem 18: The square of elements of generalized bivariate Jacobsthal Lucas
sequence is obtained by the foIIowing
"2 dalx y)*con-2- -2 +2_ , (=200 y)" -1

2 C
i=0 1+4q(x,y)% —cy 2q(x,y)+1
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Proof: By the definition of Binet formulas, we have

n-1 » n-1, o. . :
> 67 = % (a? 4 p2 v 2(-2a(xy)
i=0 i=0
_a®-1 g1 (2q(xy) -1
?-1 poa 2q(x,y)+1

_4a0xy)’en-p—Can—cp+2_,(-2a(x,y)" -1
1+4q(x,y)% - ¢y 2q(x,y)+1

Theorem 19: By this theorem we can see another sum property, equals to 2n. th

element of generalized bivariate Jacobsthal, generalized bivariate Jacobsthal Lucas
sequence respectively,

gﬁ n(2(x n-i e
2ol q(x.y )™ "(p(X,Y)) Ji = J2n.

n - -
_zo(?](zq(x,y»“"( p(x.y))'ci =C2n.
1=

Proof:

o (n n—i i
N (n , _ 1 -go[ij(zq(x’y)) (ap(x,y))
z (i j(Zq(x,y»”"( POy i =——| =

i= - n . .
= 7’ —_zo[i”J(Zq(x,y»”"(ﬂp(x,y»'
i=
=$((2q(x,y)+ap(x,y))“+(2q(x,y)+/3p(x,y))“)
= J2n-

n

> (”j(zqu,y»““( POy e =| =0

L i i
i=0 +_zo(i”j(2q(x,y»“"(ﬁp<x,y»'
1=

=((2q(x,y)+ap(x,y))“+(2q(x,y)+ﬁp(x,y))”)=Czn-

n - -
» (.”j(zq(x,y»”"(ap(x,y»'

Divisibility Properties of Bivariate Jacobsthal Polynomial Sequence
Lemma 20: For m, n positive integers

Im+n+1= Jm+1in+1+24(X%,Y) imn-
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Theorem 21: Let n=2 positive integers,
im! jn<m/n.
Proof: <=Assume that m/n, then there exists an integer k such that n=km. We want
to show jp/ jn. We use induction method. For k=1, it's easily seen that jy/ jm-

Suppose that jy / jkm- For k=n+1, from the above Lemma
J(k+1)m = JkmIm+1+20(X,Y) jkm-1Jm-
Since jym/ jkmthen it's easily seen that jm / jk+1)m
= Let jyj/ jn-} @and m /. So there exist integers g, r with 0<r<m, such that n=mq-+r.
From the above theorem
in = Img+r=Img+1Jr +20(x,¥ ) imqir-1-
Since jm/ jgm then jm/ jgm+1ir- Since (jn.in+1)=y then jm/ jy. This is
impossible because of lower degree of j,than j, in x (Uygun, 2018a, 2018 b). So we
have r=0 and m/n.

Conclusion

In this paper we have obtained a lot of interesting properties, are satisfied by
generalized bivariate Jacobsthal and Jacobsthal Lucas polynomials. We give some
generating functions, explicit formulas, different sum properties, divisibility properties,
partial derivatives etc.
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